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ABSTRACT
A deterministic model is developed to evaluate and explain the rate of dissipation of momentum
in eddying oceanic flows. Theory is based on a classical conceptualization of mesoscale variability
– Stern’s modon-sea solution – which represents a closely packed array of steady compact dipolar
vortices on the barotropic beta-plane. In our model, the periodic modon-sea pattern is subjected to a
large-scale perturbation, weakly modulating the amplitude of the individual modons. The asymptotic
multiscale analysis makes it possible to explicitly describe the interaction between the modon-sea
eddies and the perturbing flow. This interaction results in a systematic weakening of the large-scale
perturbation. The eddy viscosity in the model is found to be only weakly dependent on the explicit
dissipation but rapidly decreases with increased separation of the modons. The estimates based on
the modon-sea model are comparable to, but less than, the values of viscosity typically used in coarse
resolution numerical ocean models. The eddy diffusivity of passive tracers is also evaluated and
discussed in terms of a combination of analytical and numerical methods. The asymptotic theories
are successfully tested by direct numerical simulations.
1. Introduction
A fundamental problem in physical oceanography concerns the interaction between
mesoscale variability and large-scale flows. The ocean is full of energetic long-lived eddies,
effectively transporting and mixing mass, momentum and energy – see Robinson (1983) and
Olson (1991) for a summary of observational results. Understanding the eddy/mean-flow
dynamics and its adequate representation is crucial for designing climate models (Dan-
abasoglu and McWilliams, 1995; Bonning and Semtner, 2001), explaining the structure of
the thermocline (Rhines and Young, 1982; Radko and Marshall, 2004; Henning and Vallis,
2005) and the strength of the Meridional Overturning Circulation (Marshall and Radko,
2003; Nikurashin and Vallis, 2011; Radko and Kamenkovich, 2011). Another intriguing
effect driven by mesoscale variability involves the spontaneous formation of long-lived
coherent jets in the ocean (Hogg and Owens, 1999; Maximenko et al., 2005). Although their
formation mechanism is still under investigation (e.g., Berloff et al., 2011), there is a gen-
eral consensus that mesoscale eddies play a central role in supporting them (Kamenkovich
et al., 2009).
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Figure 1. Schematic diagram of (a) an individual modon and of (b) the modon-sea array (from Stern,
1975).
While the significance of eddies is now fully accepted, this realization came to oceanog-
raphers not too long ago. It was not until the Mid-Ocean Dynamics Experiment (MODE
Group, 1978) that the oceanographic community fully realized the existence of an ener-
getic eddy field in the ocean interior. The dominant conceptual view of the ocean held in
pre-MODE oceanography was that of a broad and mostly laminar flow, with intense eddy
activity limited to the swift western boundary currents. As the community struggled to
accept the new vision, it was Melvin Stern who, in a characteristically profound and revo-
lutionary manner, laid the foundation of the mesoscale variability theory by developing the
modon solution (Stern, 1975). The term modon – a neat reference to the ongoing MODE
program (Pedlosky, 2010) – was used to represent an exact steady dipolar eddy on the
barotropic β-plane. Being of great interest in its own right, Stern’s theory also made it pos-
sible for the first time to theoretically rationalize statistical properties of mid-ocean eddies.
For this purpose, Stern (1975) used the modon-sea model, representing the fully developed
mesoscale eddy field by a closely packed array of modons. Figure 1, adopted from Stern’s
original paper, illustrates the structure of the individual modon (a) and the geometry of the
modon-sea array (b). In addition to oceanographic applications, the modon proved to be a
convenient prototype of structures commonly observed in meteorology, astrophysics, and
plasma physics. The elegance and utility of Stern’s model inspired generations of theoreti-
cians and for decades guided the development of vortex models in geophysics (Flierl, 1987;
Carton, 2001). In this study, we revisit the modon-sea model in an attempt to shed extra
light on the problem of interaction of mesoscale eddies with the large-scale flow. Stern’s
original solution is subjected to a large-scale perturbation and the subsequent evolution of
the system is analyzed using a combination of analytical and numerical methods.
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A particularly promising technique for treating eddy/mean-flow interaction, conveniently
used in this study, is based on multiscale analysis. Multiscale mechanics is a rapidly devel-
oping field with numerous applications in all physical sciences, reviewed most recently
in the monograph by Mei and Vernescu (2010). Typically, multiscale models assume a
periodic background small-scale flow and analyze its stability, linear and nonlinear, with
respect to wavelengths exceeding the scale of the background pattern. The simplest back-
ground used in multiscale mechanics is represented by the Kolmogorov model – a parallel
shear flow with a sinusoidal velocity profile, maintained against viscous dissipation by
external forcing (Meshalkin and Sinai, 1961; Sivashinsky, 1985). Particular geophysical
problems, conceptualized in terms of the Kolmogorov model, include formation of zonal
jets (Frisch et al., 1996; Manfroi and Young 1999, 2002; Legras and Villone, 2009) and
the effects of vertical microscale mixing on density stratification (Balmforth and Young,
2002, 2005). The major advantage of using Kolmogorov-based multiscale models is related
to their fully analytical tractability. However, questions could be raised as to whether the
roughly isotropic geophysical eddies, exemplified by ocean rings and weather systems in
the atmosphere, can be adequately represented by a one-dimensional parallel flow. There-
fore, attempts have been made to move beyond the Kolmogorov model of the background
eddy field (Cushman-Roisin et al., 1984; Gama et al., 1994; Wirth et al., 1995; Novikov
and Papanicolaou, 2001). Radko (2011a,b) applied the multiscale technique to flows
with cellular background and noted that solutions obtained with two-dimensional back-
ground patterns can be fundamentally different from the corresponding Kolmogorov-based
systems.
While the choice of the optimal background pattern for multiscale modeling is by no
means obvious, Stern’s modon-sea model appears to be well-suited for this purpose. The
modon-sea is an exact periodic solution of the governing equations. It takes into account
meridional variation of planetary vorticity (β-effect) and captures key features of mid-ocean
eddies, including their relatively compact structure and the existence of a region with trapped
recirculating fluid. Modon-type structures are commonly observed in the ocean (Duncombe
Rae et al., 1996; Hooker et al., 1995). Furthermore, Stern’s solution allows for systematic
generalizations, which include the effects of stratification and zonal drift (McWilliams et al.,
1981). In view of these apparent advantages, it seems surprising that the modon-sea model,
to the best of our knowledge, has not yet been considered as a background pattern for
multiscale mechanics.
Several specific questions, which we attempt to address using the multiscale modon-sea
model, are focused on the transfer of momentum by mesoscale eddies. Despite numerous
investigations (Kraichnan, 1967; McWilliams and Chow, 1981; Chaves and Gama, 2000;
Cummins and Holloway, 2010; among others), the subject remains highly controversial. Not
only the magnitude and dependencies of the eddy momentum flux, but even its sign, have
not been fully explained. Numerical simulations of baroclinic instability in the β-plane
channel (McWilliams and Chow, 1981) suggest predominantly counter-gradient merid-
ional momentum flux – an effect supporting the concept of negative eddy viscosity (Starr,
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1968). Shepherd (1987, 1988) finds evidence of both positive and negative eddy viscos-
ity. Direct numerical simulations of the barotropic f -plane flow (Cummins and Holloway,
2010), initialized by the random isotropic distribution of eddies imbedded in a uniform
large-scale shear, suggest an overall positive eddy viscosity. Gama et al. (1994) examine
various eddy patterns and find that eddy viscosity is negative in about a third of all cases
considered. Calculations in Chaves and Gama (2000) reveal the general tendency of two-
dimensional flows to evolve in a manner that increases eddy viscosity. In their study, flows
initially characterized by negative viscosity ultimately evolved to the positive viscosity
regime.
One of the practical aspects of the problem involves the parameterization of momentum
transfer in coarse resolution numerical models (e.g., Bryan, 1987), which is typically rep-
resented by down-gradient momentum dissipation, analogous to molecular friction. The
choice of horizontal viscosity is often determined by technical considerations – stability
of the numerical schemes or the requirement to resolve viscous lateral boundary layers.
Values used in GCMs are necessarily model-dependent and span several orders of mag-
nitude (103 − 109 m2/s). Any information regarding its actual value and dependencies
could prove critical in terms of improving the fidelity of models. Thus, both the theory of
momentum transfer and its applications are in need of corroboration and refinement. It is
our belief that the multiscale modon-sea model – a model based directly on governing equa-
tions rather than on empirical qualitative arguments – can provide valuable guidance in this
regard.
Despite their physical basis and promise of tractability, the application of multiscale
models to ocean circulation problems is not straightforward. One of the difficulties is related
to the lack of clear scale separation between mesoscale variability and larger scales in the
ocean. This lack of scale separation can result in a significant nondiffusive component of
the eddy-induced transport (Kamenkovich et al., 2009; Wirth, 2000). Another essential
effect, not captured by the multiscale modon-sea model involves the upscale cascade of
energy in two-dimensional turbulence (Kraichnan, 1967; Kraichnan and Montgomery, 1980;
Rhines, 1994), which is manifested through a sequential coalescence of eddies into larger
and larger structures. While, in principle, sequential interactions can be represented by
the iterative application of multiscale models from one range of scales to the next (e.g.,
Bensoussan et al., 1978) in this study we present the simplest version of the modon-sea
model. The model considers only two distinct ranges of spatial scales – the scale of individual
modons and a larger scale of the background current. It should also be noted that the upscale
cascade in turbulent geophysical flows can be partially or fully arrested at a meridional
scale characterized by a balance between nonlinearity and the meridional advection of the
planetary vorticity, known as the Rhines scale (Rhines, 1975). By construction, Stern’s
modons are characterized by spatial scales that are of the same order as the Rhines scale
R ∼ √U/β, where U is the typical velocity and β is the gradient of potential vorticity. It
is therefore not surprising that long wavelengths in our model decay, which corresponds
to positive eddy viscosity. Our earlier f -plane calculations (Radko, 2011a) on the other
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hand reveal the tendency for the upscale transfer of energy and the resulting spontaneous
generation of large-scale structures. Such a difference in dynamics may reflect the stabilizing
influence of the β-effect and Rhines dynamics at play.
In addition to the mechanics of momentum transfer, a separate and equally intriguing
question concerns diffusivity of passive tracers in the eddying ocean. In this paper, we show
that the latter problem can also be conveniently addressed using the modon-sea model.
Qualitatively, our solutions are consistent with earlier models of eddy diffusivity (Childress,
1979; Rosenbluth et al., 1987; Fannjiang and Papanikolaou, 1994; Majda and Kramer,
1999; Balmforth and Young, 2003; Novikov et al., 2005). We demonstrate that while the
eddying flow greatly enhances the diffusivity, its magnitude is still constrained by the
explicit dissipation in the model, interpreted here as the submesoscale diffusivity. However
the functional relation between the effective and explicit diffusivities in the modon-sea
model is considerably different from previous studies, which underscores the importance
of the chosen pattern of background eddies.
Considerations of tractability have led us to consider a purely zonal large-scale flow and
therefore values of eddy viscosity and diffusivity pertain only to the meridional transfer. In
this regard, it is important to mention that in the ocean the eddy transfer coefficients are
strongly anisotropic, with the zonal mixing rates systematically exceeding the meridional
ones by as much as an order of magnitude as demonstrated, most recently, by Kamenkovich
et al. (2009). The mechanisms of zonal eddy-transfer identified in the latter study are
more complicated. Unlike meridional eddy-transfer, the zonal transfer is predominantly
nondiffusive. It is also influenced by the systematic westward drift of coherent vortices
and the associated material transport. Finally, the essential dynamics of zonal transport
involve elongated eddies with zonal wavelengths greatly exceeding the radius of defor-
mation (Kamenkovich et al., 2009). Since these ingredients are excluded from the current
minimal formulation of the modon-sea model, no attempt has been made to evaluate the
zonal eddy-transfer characteristics. Perhaps our study is most relevant to the Antarctic Cir-
cumpolar Current (ACC), circumnavigating the globe in the predominantly zonal direction.
It is now generally accepted that the pattern and dynamics of the ACC are controlled by
the meridional eddy transport (e.g., Marshall and Radko, 2003), which makes knowledge
of its magnitude and dependencies essential for the accurate representation of the ACC in
theoretical and coarse resolution numerical models.
This paper is organized as follows. The problem of eddy/mean-field interaction in the
modon-sea model is formulated in Section 2. Section 3 presents explicit analytical solu-
tions derived using multiscale techniques. The asymptotic prediction of eddy viscosity
is compared with the corresponding numerical solution. In Section 4, we examine var-
ious generalizations of the model, including the effects of explicit dissipation and sep-
aration between individual modons. The enhancement of eddy diffusivity of a passive
tracer in the modon-sea model is studied in Section 5. The key findings are discussed in
Section 6.
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2. Formulation
Consider a two-dimensional β-plane flow governed by the barotropic vorticity equation:
∂
∂t
∇2ψ + J (ψ,∇2ψ) + β∂ψ
∂x
= 0, (1)
where ψ is the streamfunction, related to the velocity field by (u, v) = (−ψy,ψx); β = ∂f∂y
is the gradient of planetary vorticity and J (a, b) = axby −bxay is the Jacobian. The system
is nondimensionalized using the eddy length-scale L and β:⎧⎪⎪⎪⎨
⎪⎪⎪⎩




ψ → L3β · ψ
(x, y) → L · (x, y).
(2)
An exact solution of (1) is given by Stern’s (1975) modon-sea model (Fig. 1b). Without loss
of generality, we choose the length-scale L so that the nondimensional separation between
modons in Figure 1b equals 2π and thus the radius of individual modons is r0 = π. In









for r < r0
ψ = 0 for r > r0,
(3)
where (r, θ) are the polar coordinates such that r = √x2 + y2, cos θ = x
r
, sin θ = y
r
. The
constant p in (3) corresponds to the first root of
J2(pr0) = 0, (4)
specifically pr0 = 5.136 . . ., and Ji are the Bessel functions of the first kind.
The modon-sea represents an array of nonoverlapping modons arranged as indicated in
Figure 1b. Figure 2a presents the corresponding distribution of relative vorticity (ς = ∇2ψ).
This pattern is doubly periodic with the periodicity scale of (Lx, Ly) = (2π
√
3, 2π) in x
and y respectively. A unit element of the modon-sea, marked by the small rectangle in Figure
2a, is shown in greater detail in Figure 2b. The system is perturbed by the large-scale zonal
flow u0(y), impinging on the modon-sea array; the dynamics of the ensuing interaction
is our main interest. We focus on zonally uniform large-scale patterns partly because any
nonzonal large-scale current would be directly affected, in addition to eddies, by the beta-
effect, which generally tends to suppress the displacement in the meridional direction. The
zonal flow, on the other hand, is a free steady solution and therefore its variation in time
can only be attributed to the interaction with eddies.
Numerical experiments (not shown) indicate that while isolated modons are stable, the
modon-sea is weakly unstable with respect to small perturbations having the same spatial
periodicity as the basic pattern. Remarkably, the instability of the modon-sea was actually
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Figure 2. (a) Distribution of relative vorticity in the basic periodic modon-sea pattern (left panel),
which is perturbed by the zonal large-scale current shown in the right panel. (b) An enlarged
view of the periodic element of the modon-sea pattern marked by the rectangle in (a). Red color
corresponds to positive values, negative values are shown in blue and white regions indicate the
motionless zones.
anticipated by Stern (1975) – a conjecture that seems to have been based entirely on Stern’s
physical intuition. In order to make the modon-sea usable in the numerical simulations,
which guide and validate the analytical multiscale modeling, we modify the governing
equations by adding weak bi-harmonic friction:
∂
∂t
∇2ψ + J (ψ,∇2ψ) + ∂ψ
∂x
= −μ∇6(ψ − ψ). (5)
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This form of friction is used to selectively damp small-scale instabilities, leaving the large
scales – our primary concern – essentially unaffected. The simplest version of the model is








where ψ′ = ψ − ψ is a weak perturbation.
3. Solution
a. Technique
Analysis of the linear (6) problem proceeds by way of asymptotic multiscale modeling
(Kevorkian and Cole, 1996; Mei and Vernescu, 2010). We are concerned by the ability
of the periodic pattern in Figure 2a to affect the slow evolution of large-scale zonal flow.
Therefore, new spatial scales are introduced over which the basic field is modulated:
Y = εy, (7)
where ε  1 is a measure of relative scales of the background pattern and large-scale
flow. A similar rescaling of the x-variable eventually leads to a requirement that the large-
scale pattern is zonally uniform, formally exposing the tendency of the β-effect to suppress
meridional displacements. In order to describe the zonal variation of large-scale patterns,
multiscale β-plane models (e.g., Manfroi and Young, 1999, 2002) assume the ε-scaling of
the long zonal coordinate that is distinct from the scaling of Y . In our case, the complication
is bypassed by considering from the onset only the zonal large-scale flows.
The time variable is rescaled as
T = ε2t. (8)
It should be mentioned at this point that the choice of temporal scaling (8) is neither unique
nor obvious. Depending on a particular problem – governing equations and background
small-scale pattern – the asymptotic dependencies of the time scale can be very different.
For instance, the relevant scaling can be linear (in ε) in both space and time, as in the
Anisotropic Kinetic Alpha (AKA) effect (Frisch et al., 1987; Sulem et al., 1989). Certain
inviscid systems are characterized by the appearance of “eddy-explosion” modes (Radko,




) ∼ (ε, ε2). The evolution of large-
scale structures in doubly-diffusive fluids is represented by yet another, completely different
asymptotic system (Radko, 2011b). However, in the modon-sea model, we find that the most
common scaling system (7), (8) applies, which holds promise of an unambiguous calculation
of eddy viscosity.
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The search for specific solutions involves the following conventional steps:
(i) (x, y, Y, T ) are treated as independent variables;
(ii) on short scales we impose the same periodicity as in the basic flow;













(iv) the solution is sought as a series in ε
ψ′ = ψ0 + εψ1 + ε2ψ2 + . . . . (10)
Since our primary goal is to understand the evolution of the large-scale zonal flow, we
open the expansion with the leading-order term that varies only on the long spatial scale (Y ):
ψ0 = ψ0(Y, T ). (11)
The details of the derivation are given in the Appendix and here we present an abbreviated
version. First, we substitute (10) in the linearized vorticity equation (6), collect terms of
the same order in ε, and sequentially solve the resulting hierarchy of equations until the









where the linear differential operator A involves only the small-scale spatial variables:
Aφ ≡ J (φ,∇2ψ) + J (ψ,∇2φ) + ∂φ
∂x
+ μ∇6φ. (13)









which contains no reference to large-scale variables and therefore can be solved for ψ11 =
ψ11(x, y). Eq. (15) is known as the first auxiliary problem.
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Substitution of (17) into (16) yields our second auxiliary problem:
Aψ21 = ψ11 ∂
∂x











which also does not involve large-scale variables and therefore can be solved for ψ21 =
ψ21(x, y).
Although the third order balance can be treated in a similar fashion, it can be shown
(Gama et al., 1994; Novikov and Papanicolau, 2001) that it plays no role in derivation of
the closed large-scale model. However, the third order balance is examined in the Appendix
to ensure internal consistency of our solutions and the absence of the AKA effect. The final























Eq. (19) represents a closed equation for the leading order large-scale component and it is
written in terms of rescaled large-scale units (Y, T ). At this point, the multiscale analysis
is complete and we can revert to the original spatial and temporal variables y and t using
(7) and (8) without the risk of confusing the scales. When the result is integrated in y, we
discover that the evolution of the large-scale field is governed by the diffusion equation
∂
∂t














Based on (21), we readily interpret KM as the eddy viscosity – the sought after quantity in
our analysis.
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b. Results
Determination of the eddy viscosity in the modon-sea model requires solution of auxiliary
problems (15) and (18). For relatively simple background patterns, the auxiliary problems
could be solved analytically (e.g., Manfroi and Young, 1999, 2002; Balmforth and Young,
2002, 2005; Radko, 2011a,b). More complicated cases (e.g., Gama et al., 1994; Novikov
and Papanicolau, 2001) require numerical calculations and the modon-sea falls into this
category.
The auxiliary problems are solved iteratively. We introduce time dependence in (15)





to the linear operator A in (13) and
integrating the resulting equations in time until the system reaches a steady state. The steady
solutions obtained in this way also satisfy (15) and (18). To calculate the auxiliary functions
(ψ11 and ψ21) we employ a pseudo-spectral model analogous to that in, for example, Radko
and Stern (1999). The doubly-periodic domain corresponding to the area in Figure 2b was
resolved by (Nx,Ny) = (128, 128) grid points and the calculation was initiated by a small
amplitude random distribution. The resulting auxiliary functions are shown in Figure 3.
Knowing ψ11 and ψ21 allows us to evaluate the eddy viscosity (22):
KM = 0.914. (23)
To test the asymptotic mutliscale prediction, we performed a series of direct numeri-
cal simulations using (6). These simulations were initiated by the large-scale flow u0 =
a cos(my) with m = 14 , 18 ,. . ., 164 , impinging on the modon-sea array. The rates of decay
were recorded and compared with the theoretical prediction following from (21) and (23):
λtheor = −0.914m2. (24)
The results, shown in Figure 4, clearly confirm the analytical theory. It should be also
noted that the quadratic (λ ∝ m2) damping of the large-scale perturbations by the modon-
sea in Figure 4 is consistent with the Laplacian form of eddy friction, predicted by the
multiscale model. The reader is reminded that the explicit friction in the model is represented
by bi-harmonic dissipation, which is characterized by a very different damping pattern
(λ ∝ m4).
In order to convert the eddy viscosity of (23) into dimensional units, it is important to use
the appropriate length scale (L). In his original paper, Stern (1975) makes two estimates of
the relevant modon size: R = 190 km based on the rms. velocity and R = 270 km based
on observations of a coherent eddy identified by Koshlyakov and Grachev (1973). Having
no reason to question Stern’s estimate, we assume R = 230 ± 40 km, which translates to
L = R
π
= 73 ± 13 km. (25)
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Figure 3. Numerical solution of the first (a) and second (b) auxiliary problems used in the multiscale
analysis. Red color corresponds to positive values and negative values are shown in blue.
Using the mid-latitude β ∼ 2 · 10−11 m−1s−1 and combining (23) and (25), we thus arrive
at the dimensional viscosity of
KM dim = L3βKM = (4.0 − 11.6) · 103 m2s−1, (26)
a very reasonable proposition for eddy viscosity in the ocean.
It is also of interest to examine the (leading order) nonlinear effects in the eddy / cur-
rent interaction problem. Figure 5 presents two numerical simulations: one based on the
nonlinear vorticity equation (5) and the other based on its linearized counterpart (6). Both
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Figure 4. Decay rate of the large-scale perturbation is plotted as a function of its wavenumber in
logarithmic coordinates. Results of the direct numerical simulations are indicated by the plus signs
and the solid line represents the theoretical prediction (24).
Figure 5. Decay of the large-scale perturbation in the linearized (dashed curve) and fully nonlinear
(solid curve) numerical simulation. The amplitude of the velocity in the fundamental y-harmonic
(u0) is plotted as a function of time.
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Figure 6. Sensitivity of the eddy viscosity (KM) to the explicit bi-harmonic friction coefficient μ
used in the model (solid curve). Also shown (dashed curve) is a series of calculations performed
with the tri-harmonic friction (28).
calculations were initialized using an identical initial condition, representing the periodic
modon-sea pattern perturbed by the large-scale zonal current
ψ′ = A sin(my), (27)
whereA = 10 andm = 18 . These nondimensional characteristics represent a jet of maximum
velocity ∼0.1 m s−1 and width ∼1500 km, parameters that are perhaps most relevant to the
Antartic Circumpolar Current (ACC) of the Southern Ocean. The calculations employed
128 × 1024 grids of size resolving each element of the modon-sea pattern by 128 × 128
grid points. Plots of the velocity amplitude of the fundamental y-harmonics in Figure 5
indicate that the decay of the large-scale current in the original system (5) is more rapid
than in the linearized model (6), which implies that nonlinearity acts in the same sense as
linear damping – it tends to suppress the large-scale perturbation. The difference between
linear and nonlinear simulations is noticeable but not dramatic.
4. Extensions
a. Explicit viscosity effects
Since the explicit bi-harmonic viscosity was artificially introduced into the model to
stabilize the modon-sea pattern, it needs to be determined now how sensitive our calculations
are to this parameter. For that, a series of multiscale calculations was performed in which
μ varied by an order of magnitude and the impact on the calculated eddy viscosity (KM)
was recorded. The results, shown in Figure 6, reveal a nonmonotonic pattern of KM(μ).
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First, eddy viscosity slightly increases from KM = 0.91 at μ = 0.4 to KM = 1.06 at
μ = 0.62. For larger μ, eddy viscosity starts to decrease with μ. The latter effect we
attribute to excessive damping of short wavelengths, which reduces the ability of individual
modons to respond interactively to the changes in the large-scale flow, thereby suppressing
the large/small scale coupling. Since such suppression seems unlikely to occur in nature,
we assume that the oceanographically relevant values of KM are realized for relatively low
μ’s and view our earlier estimates (23) and (26) for μ = 0.4 as most reliable. Overall, the
order of magnitude variation in μ’s resulted in a modest decrease in KM by a factor of three.
A related question concerns the sensitivity of our results to the chosen (bi-harmonic) form
for the explicit dissipation operator in (5). This question was addressed by performing a
series of calculations in which the explicit dissipation was represented by a tri-harmonic
operator, in which case the governing equation – the counterpart of (5) – becomes
∂
∂t
∇2ψ + J (ψ,∇2ψ) + ∂ψ
∂x
= μ∇8(ψ − ψ). (28)
The resulting values of eddy viscosity (KM) are also shown in Figure 6. While specific
values of KM are generally less, by ∼30%, in the tri-harmonic experiments, in both cases
the multiscale model consistently predicts positive eddy viscosity and similar patterns of
the KM(μ) relation. This comparison suggests that the results in this paper can be viewed
as a plausible prediction of eddy viscosity within a factor of two.
b. Separation effects
In this section we attempt to use the modon-sea model to establish a connection between
the dissipation of momentum and some direct and observable measures of eddy activity.
It is well known that while mesoscale variability is ubiquitous in the world ocean, the
distribution of eddy activity is spatially heterogeneous (Robinson, 1983; Olson, 1991).
The original modon-sea model assumes that the eddy field is closely packed (Fig. 2a),
thus representing the maximum possible concentration of intense eddies in the ocean. We
now consider a less extreme situation where coherent eddies are still abundant and occupy a
significant fraction of the ocean, but not to the same extent as in Figure 2a. We allow for some
finite separation between modons by reducing their (non-dimensional) radius to r0 < π,
as indicated in Figure 7. The development of this modified modon-sea model proceeds as
previously (Section 3): we solve the auxiliary problems (15) and (18) numerically for new
background patterns and evaluate the resulting eddy viscosity using (22). The results for
a series of calculations in which r0 is systematically varied are shown in Figure 8a. As
expected, eddy viscosity rapidly reduces with r0. In Figure 8b, we express this dependence
in terms of dimensional viscosity and the rms velocity of the background field, which
makes it easier to relate our theory to oceanographic measurements. In this calculation we
assumed, as previously in (25), that the relevant spatial scale is L = 73 km and therefore the
distance between the centers of adjacent modons was kept fixed at D = 2πL = 460 km,
whereas the modon radius was systematically reduced. While the rms. eddy velocity in the
ocean is highly variable, in some locations exceeding values of 2 ms−1, vast regions are
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Figure 7. The modified modon-sea model, in which individual modons are separated from each other.
characterized by relatively modest velocities of vrms ∼ 0.1 m s−1 or less (e.g., Hallberg
and Gnanadesikan, 2006). The corresponding eddy viscosity predicted by the modon-sea
model is limited (Fig. 8b) to 200–2000 m2 s−1, which is substantially less than the values
typically used in general circulation models (e.g., Griffies , 2004; Jochum et al., 2008).
5. Diffusivity of a passive tracer
The final question we attempt to address using the modon-sea model concerns the dif-
fusivity of a passive scalar in a rigorous eddying field. The ability of even laminar flows
to greatly enhance effective diffusivity is well known (Zeldovich, 1937; Childress, 1979;
Rosenbluth et al., 1987; Fannjiang and Papanikolaou, 1994; Balmforth and Young, 2003;
Novikov et al., 2005) – see also a review by Majda and Kramer (1999). The enhancement
is caused by the combination of rapid advection in the interior of the coherent vortices and
the explicit diffusion acting in the narrow high gradient interfaces. The effective diffusivity
depends on the structure of the background pattern and also on the explicit diffusivity of
the tracer, with effective diffusivity (KC) vanishing in the limit of small explicit diffusion
(k). Theoretical models considering cellular background (e.g., Fannjiang and Papanico-




k) for k → 0. (29)
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Figure 8. Concentration effects. (a) The eddy viscosity as a function of the modon radius. The distance
between adjacent modons is kept constant. (b) The results are expressed in terms of the dimensional
eddy viscosity (Kdim) and the rms. velocity of the background pattern (Vrms).
In the following, we examine the properties and dynamics of diffusion for the modon-sea
background flow. In this context, k should be interpreted as a submesoscale (rather than
molecular) diffusivity.
Before proceeding with the estimate of eddy diffusivity, it is important to emphasize
that the dynamics of eddy-diffusion and eddy-viscosity are fundamentally different. The
tracer is inherently passive and its distribution does not affect the advecting flow field. The
eddy field acts as catalyst by transporting tracers toward high-gradient interfaces where
mixing is finalized by explicit diffusion. In the absence of explicit diffusion (k = 0), the
tracer remains trapped in the modons without changing its large-scale distribution. These
processes are very different from the eddy-transfer of vorticity and momentum (discussed
in Sections 2-4) for which the explicit dissipation is not essential. Even if the explicit
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viscosity is zero, the large-scale flow can perturb the steady state balance of the modon-sea
by shifting modons relative to each other; these interactions inevitably feedback on the
large-scale pattern resulting in a finite eddy viscosity.
The tracer equation is given by
∂
∂t
Ctot + J (ψ, Ctot ) = k∇2Ctot , (30)
where ψ is the modon-sea flow (Fig. 2) and Ctot is the concentration of the passive tracer,
which we separate into the uniform meridional background gradient C(y) and a departure
(C) from it:
Ctot = C + C. (31)
Since the governing equation (30) is linear in Ctot , we renormalize it by setting the back-
ground gradient to unity, which yields, without loss of generality
∂
∂t
C + J (ψ, C) + ∂ψ
∂x
= k∇2C. (32)









To gain preliminary insight into the mechanics of diffusion, (32) was integrated numer-
ically using the same pseudo-spectral model as previously. The flow was resolved by
512×512 elements and the calculation was initiated by a C = 0 distribution and k = 0.03.
The integration was carried on until the system evolved to a steady state. The resulting
distribution of Ctot = C + y is shown in Figure 9a. The most pronounced feature of the
tracer pattern is the appearance of nearly homogeneous zones of Ctot in regions with closed
streamlines of ψ − a common and well understood (Batchelor, 1956; Rhines and Young,
1983) consequence of the slow diffusion of a recirculating tracer across streamlines. These
homogeneous zones are separated by narrow high-gradient interfaces, representing inter-
nal boundary layers. The recirculating zones and interfaces are essential components of
mixing dynamics in our model. Advection by the background flow (Fig. 9b) rapidly trans-
ports the tracer between interfaces, which play the role of transport bottlenecks, ultimately
controlling the rate of the effective diffusion of tracer.
The boundary layers in Figure 9a can be classified into “weak” boundary layers (marked
by dashed curves) where the background velocity is vanishingly small and “strong” bound-
ary layers (solid lines) where flow is of finite strength. The fundamental differences between
these two types can be illustrated by rewriting the governing equation in the local Cartesian
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Figure 9. (a) Equilibrium distribution of the passive tracer advected by the modon-sea velocity field.
Dashed circles indicate the modon boundaries (weak boundary layers) and straight solid lines rep-
resent their axis of symmetry (strong boundary layers). (b) The streamfunction of the corresponding
background flow. Red color corresponds to positive values, negative values are shown in blue and
white regions indicate the motionless zones.
coordinate system (ξ,η) associated with the boundary layer (see the schematic in Fig. 10);
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Figure 10. Schematic diagram illustrating the pattern of the equilibrium tracer distribution.
where (vξ, vη) are corresponding velocity components. Without loss of generality, we
assume that η = 0 corresponds to the boundary of a region with closed streamlines and










vη ∼ δ, (36)
where δ denotes the scale for the width of the boundary layer. However, in the interior of
“weak” boundary layers, where vξ|η=0 = 0 and therefore vξ ∼ η ∂vξ∂η ∼ δ, the continuity
equation (35) leads to
vη ∼ δ2. (37)
Assuming that the amplitude of the diffusive term (k ∂
2Ctot
∂η2
) in the tracer advection-diffusion
equation (34) is of the same order as the cross flow advection (vη ∂Ctot∂η ) and using (36)–(37),
we arrive at the following scales for the boundary layer width:
δ ∼ k 12 for strong boundary layers
δ ∼ k 13 for weak boundary layers (38)
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Figure 11. The effective eddy diffusivity in the modon-sea model is plotted as a function of the explicit
model diffusivity in logarithmic coordinates. Numerical data points (denoted by plus signs) align
along the straight solid line with slope corresponding to the power law KC ∝ k
2
3
. Also shown for
reference is the power law KC ∝ k 12 (dashed line) often realized in tracer advection studies.
In the steady state, the tracer flux (F ) across the modon boundary (weak boundary layer) is
equal to the flux across its axis of symmetry (strong boundary layer), as indicated in Figure
10. This requirement can be satisfied only if the variation in tracer concentration between
the meridionally adjacent modons is O(1), whereas the variation between two symmetric









⇒ ΔCtot ∼ k 16 . (39)









Note that the dependence (40) for eddy diffusivity in the modon-sea model differs from that
for cellular backgrounds (29). Prediction (40) was readily confirmed by a series of numerical
simulations, analogous to that in Figure 9a, in which k was systematically varied. In Figure
11, the effective diffusivity KC is plotted as a function of k in logarithmic coordinates,
revealing the agreement with the asymptotic estimate. The best fit of the two thirds power
law (40) to the numerical KC(k) data for small k suggests a more specific relation:
KC ≈ 2.23k 23 . (41)
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What happens when individual modons are separated from each other as in Figure 7? In
this case, no boundary layer can form around each modon. The net tracer flux is limited
by the purely diffusive transport though finite areas of motionless fluid between modons.
In this case, modons can only slightly increase the effective eddy diffusivity relative to the
explicit value and the counterpart of (40) is KC = 0(k).
The final step in our analysis involves an estimate of the effective diffusivity for typical
oceanographic conditions. An obvious limitation in this regard is related to our present lack
of information about the relevant magnitude of the explicit diffusivity k. Marshall et al.
(2006) estimated the effective diffusivities in the Southern Ocean based on the near-surface
geostrophic flow inferred from satellite altimetry. Plausible estimates of the effective diffu-
sivity were obtained using sub-mesoscale diffusivity in the range kdim ∼ 10 − 100 m2 s−1.
Taking this result as a rough guidance, we assume kdim = 50 m2 s−1, which translates to
the dimensional effective diffusivity KC dim ∼ 600 m2 s−1 if the power law (41) and length
scale (25) are used. This value is broadly in agreement with alternative estimates (Visbeck
et al., 1997; Marshall et al., 2006; Kamenkovich et al., 2009), lending credence to the
modon-sea as a conceptual model of lateral eddy mixing in the ocean.
6. Discussion
Historically, theory of mesoscale variability developed in two distinct directions. One is
focused on the analysis of coherent vortices (Nof, 1981, 1983; Sutyrin and Dewar, 1992;
Reznik and Dewar, 1994; Stern and Radko, 1998; Radko and Stern, 1999; among many
others). Models of this type adequately explain characteristics and dynamics of individ-
ual eddies but do not attempt to describe their cumulative effect on large-scale circulation
patterns. The alternative approach consists of models which strive to predict statistical
properties of mesoscale variability without detailed information about the structure of indi-
vidual eddies (e.g., Andrews and McIntyre, 1976; Cushman-Roisin et al., 1984; Gent and
McWilliams, 1990, 1996; Manfroi and Young, 1999, 2002; Novikov and Papanicolaou,
2001). An inherent limitation of the latter philosophy is that its basic assumption – the lack
of sensitivity of large scales to the pattern of eddies – is questionable. Specific examples
(Gama et al., 1994; Radko 2011a) suggest that statistical effects and individual characteris-
tics of eddies are directly linked. Thus, a complete theory of the eddy / mean-flow interaction
should involve both individual and collective aspects of vortex dynamics. The modon-sea
model and its current extension are promising in this regard since they create a precedent
for combining both approaches in a single framework.
This study uses the modon-sea paradigm to formulate a deterministic theory for eddy-
transfer of momentum and passive tracers. Eddy viscosity is computed using conventional
techniques of multiscale analysis. The periodic modon-sea pattern is subjected to a large-
scale perturbation, modulating the amplitude of modons, and the interaction between the
modon-sea eddies and the perturbing flow is described in terms of an asymptotic expan-
sion. It is shown that the modon-sea array acts to reduce the magnitude of the large-scale
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perturbation and can be represented by positive eddy viscosity. Our estimates of its magni-
tude depend on the level of mesoscale variability (Section 4) but are generally less than the
values of viscosity typically used in coarse resolution numerical ocean models (e.g., Griffies,
2004). It should be emphasized however that the choice of viscosity in climate models is
usually based on its ability to suppress numerical instabilities on the grid scale, with very
limited theoretical and observational guidance. Reduction of viscosity, when possible, has
generally beneficial effects on simulations (Chassignet and Garaffo, 2001; Jochum et al.,
2008) which is consistent with our inferences based on the modon-sea model.
Dissipation of passive tracers is a different and, perhaps, more complicated problem.
Analysis of the modon-sea model indicates that effective diffusivity (KC) is controlled
by explicit diffusion. The latter property has been observed in various geophysical con-
figurations, including turbulent (Majda and Kramer, 1999; Balmforth and Young, 2003;
Winters and Young, 2009) and laminar (Rosenbluth et al., 1987; Fannjiang and Papanico-
laou, 1994; Novikov et al., 2005) flows. In the context of the mesoscale variability problem,
the importance of submesoscale mixing for the meso- and large-scale dynamics is revealed
very clearly by high-resolution ocean simulations (e.g., Levy et al., 2010). These findings
underscore difficulties in constructing physical eddy transport models. The major obstacle
is our present inability to estimate – or even to unambiguously interpret2 – the relevant
submesoscale diffusivity (k). Furthermore, our calculations indicate that not only the mag-
nitude of the effective diffusivity, but also the functional relation between KC and k depends
strongly on the velocity structure of the advecting flow. Nevertheless, the modon-sea model
brings additional insight into the problem by illustrating the essential mechanics of mixing.
The advection by modons does not result directly in irreversible mixing but, rather, acts as
catalyst by transporting tracers toward high-gradient interfaces where mixing is finalized
by explicit diffusion. These dynamics are likely to be realized in the oceanic thermocline,
where baroclinic instability provides an active stirring mechanism, locally increasing lat-
eral gradients, upon which submesoscale mixing acts with most efficiency. Assuming the
explicit diffusivity of kdim ∼ 50 m2 s−1, as suggested by some indirect evidence (e.g.,
Marshall et al., 2006), we arrive at KC dim ∼ 600 m2 s−1 – a very plausible value, not
inconsistent with alternative estimates based on observations and models (Stammer, 1998;
Kamenkovich et al., 2009).
Finally, it should be noted that problems of eddy/mean-flow interaction were originally
motivated by the requirement to parameterize mesoscales in numerical general circulation
models (Gent and McWilliams, 1990; Visbeck et al., 1997; among others). This incentive
carries less weight in the modern age of ocean modeling, when models routinely resolve
mesoscale variability. However, it should be understood that our ability to simulate eddies
does not exempt us from the more challenging and rewarding task of explaining their
collective dynamics from first principles. Melvin Stern gave our community a starting
2. It is interesting to note that one of the agents for irreversible lateral mixing is represented by thermohaline
interleaving – yet another major oceanographic phenomenon predicted by Melvin Stern (1967).
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point: an exact solution, representing a coherent eddy on the barotropic β-plane, and the
associated modon-sea model of mesoscale variability. Our study utilizes the modon-sea for a
very specific purpose – modeling dissipation of momentum and tracers in an eddying ocean
– but retains Stern’s original formulation, characterized by the steady barotropic basic state.
The broader significance of the approach lies in the possibility of generalizing the modon-
sea theory to more complex and realistic systems, which include the effects of stratification,
background large-scale circulation and time-dependent basic state. The echoes of each truly
fundamental discovery continue to reverberate long after its time, and much more is to be
learnt about the eddying ocean from Stern’s modon-sea model.
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APPENDIX A
Details of multiscale analysis – the large-scale equation and the absence of the
AKA effect






















































ς′ = 0, (A1)
where ς = ∇2ψ is the background relative vorticity and the expression for perturbation














Next, the power series (10) are substituted in (A1), (A2) and terms of the same order in
ε are collected. The first order balance (12) is solved using the substitution (14), which
results in the first auxiliary problem (15). The second order balance (16) is solved using the
substitution (17), which results in the second auxiliary problem (18).
The third order balance plays no direct role in the derivation of a closed large-scale model
(Gama et al., 1994; Novikov and Papanicolau, 2001) which is confirmed by the following
analysis. However, it needs to be shown for consistency that the third order balance does
not present an additional nontrivial constraint on the large-scale component – otherwise,
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the system becomes susceptible to the Anisotropic Kinetic Alpha effect (Frisch et al., 1987;
Sulem et al., 1989) and the assumed time scaling (8) has to be revised. The third order







L32 = 0 (A3)





































The existence or absence of the solvability condition at this level is determined by averaging
(A3) in x and y over one wavelength of the background pattern (e.g., Gama et al., 1994).
The average of the left-hand side of (A3) is zero by virtue of periodicity of ψ3, ψ and their
derivatives: 〈Aψ3〉 = 0. Since ψ11 and its derivatives are also periodic, 〈L31〉 = 0 and the
average of the second term in (A3) is zero.
It is easy to demonstrate that 〈L32〉 = 0 – the argument is based on symmetry consid-
erations. The background field (ψ) is antisymmetric with respect to the central latitude
(y = Ly/2) of the elementary periodic small-scale area [0 Lx]× [0 Ly]. The first auxiliary
function (ψ11) is also antisymmetric, whereas the second one (ψ21) is symmetric – see
Figure 3. Noting that (i) the y-derivative of a symmetric function is antisymmetric (ii) the
y-derivative of an anti-symmetric function is symmetric and (iii) the product of a symmetric
and an antisymmetric function is anti-symmetric, we conclude that all individual terms in
(A4) are antisymmetric and therefore vanish after averaging. Thus, the solvability condition
at this order is trivially satisfied, which implies the absence of the AKA effect and validates
the assumed scaling of the time variable (8).







L42 + L43 = 0, (A5)
where





















































The large-scale equation is obtained by averaging (A5) in x and y. The averages of the
individual terms can be simplified by virtue of the periodicity of ψi (i = 1 − 4), ψ and
their derivatives in x and y. In particular,
〈Aψ4〉 = 0, (A9)







































The next simplification is obtained using sequential integrations by parts of terms in






















































Eq. (A13) reduces (A11) to 〈L42〉 = 〈 ∂ψ∂x (ψ11 + 2 ∂ψ21∂y )〉, whereas (A14) reduces (A12)
to 〈L43〉 = 0. Substitution of these expressions in the averaged fourth order balance (A5)
results in (19) – the sought-after closed equation for the leading order large-scale compo-
nents.
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